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Abstract

A fixed rate shape-gainquantizerfor the memorylessGaussiansourceis proposed. The shape
quantizeris constructedfrom wrappedsphericalcodesthat map a spherepacking in � ����� onto a
spherein � � , andthegaincodebookis a globally optimalscalarquantizer. A wrappedLeechlattice
shapequantizeris usedto demonstrateasignalto quantizationnoiseratiowithin � dB of thedistortion-
ratefunctionfor ratesabove 1 bit persample,andanimprovementover existing techniquesof similar
complexity. An asymptoticanalysisof the tradeoff betweengainquantizationandshapequantization
is alsogiven.
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1 Intr oduction

An importantgoal in sourcecoding is to designquantizersthat have both reasonableimplementation
complexity andperformancecloseto thedistortion-ratefunctionof a source.Scalarquantizershave low
implementationcomplexity, but their distortionperformanceis usuallymuchworsethanthe distortion-
ratefunction.Conversely, fixedblocklengthconstructivetechniquesfor structuredvectorquantizers(VQ),
suchasthegeneralizedLloyd algorithm(GLA) [1] performwell, but theircreation,storage,andencoding
complexitieseachgrow exponentiallyin bothdimensionandrate(alsosee[2,3]).

A numberof complexity constrainedVQs have beenproposedin an attemptto improve uponscalar
quantizationwhile retaininglow implementationcomplexity (e.g.,see[4]). This papermakesuseof two
of thesemethods,latticequantizationandshape-gainquantization,togetherwith wrappedsphericalcodes
for channelcoding[5]. Our proposedfixedratequantizerdoesnot have exponentialcomplexity; in fact,
theoperatingcomplexity grows linearly with therate.

Thequantizerpresentedin this paperis designedfor a memorylessGaussiansource.Onereasonfor
studyingthememorylessGaussiansourceis thatit naturallyarisesin numerousapplications.For example,
thepredictionerror signalin a DPCM (differentialpulsecodemodulation)coderfor moving picturesis
well-modeledasGaussian[6]. Also,discreteFouriertransformcoefficientsandholographicdatacanoften
beconsideredto betheoutputof aGaussiansource[7] (althoughsomeotheraspectsof imagesandspeech
arebettermodeledasLaplaciandistributions[8, 9]). Furthermore,a known filtering techniquetendsto
make memorylesssourcesappearGaussian,which makes the systeminsensitive to errorsin modeling
the input [10]. The Gaussiansourceis alsoeasiermathematicallyto analyzecomparedto someother
sources,becauseits distortion-ratefunction is known explicitly. In fact, theGaussianis known to bethe
mostdifficult sourceto compress,in a ratevs. distortionsense[11]. Finally, the Gaussiansourcehas
providedahistoricalbenchmarkfor measuringhow closeapracticalquantizercancometo thetheoretical
performancespredictedby Shannon[2,3,6,7,10,12–28].

Section2 givespropertiesof GaussiansourcecodingandSection3 describesthe constructionand
performanceanalysisof theproposedwrappedshape-gainvectorquantizer. It is shown how a fixedrate
latticequantizercanbetransformedinto ashape-gainquantizer. An asymptoticanalysisgivestheoptimal
highresolutiontradeoff betweenallocatingrateto thegainandshapequantizers,andtheindexing problem
is discussed.Section4 describesa specificimplementationof theproposedGaussiancoderusingthe 	�
 -
dimensionalLeechlattice for the shapecodebook.The performanceis comparedagainstotherknown
quantizersandthecomputationalcomplexity andconfidenceintervalsaredetermined.For a memoryless
Gaussiansource,this shape-gainquantizerperformsbetterthanotherquantizersin the literatureat rates
of threebits persampleor higher. Someextensionsaregivenin Section5.

2 Preliminaries

Let ��
�� � bea randomvectorwith independentcomponentsdrawn from a ������������� memorylessGaus-
siansource.Theprobabilitydensityfunction(pdf) of � is � �!�#"$�&%'�#	)(*� � � �+�-, ��.�/�0 �2143�"53 ��6 �7	)� � �8� for"9
:� � . Let ; � %=<)"9
:� �?> 3�"53&%=@�A betheunit spherein B -dimensions,andlet C � %D	)( �-, � 6�E �#B 6 	F�
be the �7B�1G@H� -dimensionalcontent(“surfacearea”) of ; � , where E ��IJ�K% LNMOQPSR ���2T��VUFW P is the usual
gammafunction. Also denotethebetafunctionby XY�ZI[�8\��Y% E ��IJ� E �Z\]� 6^E ��I`_a\�� . Thefollowing lemma
givessomepropertiesof bc%d3-�e3 .

1



O

Xp

X

E||X||

X

Figure1: EncodingusingSakrison’squantizer.

Lemma 1.

pdf: � f��ZgF�N%h�Vij�kil�ZgF�N% 	�g ����� .�/]05m �Vn2o�Sp oVqE �7B 6 	^�r�7	)� � � �-, � (1)

mean: sutv3-�e3-wx%zy 	�� � E�{ �-|J��~}E�{ ���} % y 	)(�� �X { � � � �� } (2)

second moment: sutv3-�e3 � wJ%hB]� � (3)

variance: var tv3-�e3-wx%hB]� � 1 	)(*���X � { � � � ��)}�� (4)

Eq. (1) is thegeneralizedRayleighlaw [29] and(2), (3), and(4) follow by directcomputation.
A consequenceof Lemma1 is that themeanof b is approximately�Y� B�1�@ 6 	 for large B (by appli-

cationof Stirling’s formula),while thevarianceof b is boundedby ��� 6 	 for all B [30]. Thus,as Bu� � ,
thenormalizedquantity b 6 y B]� � hasa meanwhich tendsto oneandvariancewhich tendsto zero. This
is theso-called“sphere-hardening”effect [31], andimplies that for large B , the randomvector � 6 y B]� �
is approximatelyuniformly distributedon ; � , which providesmotivationfor mappinglatticesfrom � �l���
to ; � . The performanceof lattice quantizersfor a uniform sourcein a region of � �l��� (asymptotically
optimalunderGersho’s conjecture[32]) canthenbetransformedto thesameperformancefor a uniform
sourcein ; � .

A B -dimensionalvector quantizer is a mapping � > � � � � � whoserange,calleda codebook, is
finite. Theelementsof acodebookarecalledcodevectors. A spherical vector quantizer (SVQ) with radiusg is a vectorquantizerwhosecodevectorseachhave Euclideannorm g . A nearest neighbor quantizer�
is a quantizersuchthat for every ��
�� � , no codevectoris closerto � than ���Z�J� . The rate of thevector
quantizer� is definedas ��%G�Z���F� � ��� 6 B bits,where� is thenumberof codevectorsof � . For notational
convenience,�?�j�J� is oftenreplacedby �� .

A nearestneighborsphericalvectorquantizersatisfies���#�-����%����Z��� for all �?�Q� . Sakrison[25]
showed that if a nearestneighborsphericalvectorquantizerwith radius sutv3-�e3-w is usedto quantizea
Gaussianrandomvector � , then the resultingMSE distortionper dimensioncan be decomposedinto
shapeandgaindistortionsas� % @B s���3-��1 ��e3 �8� % @B s��l��� � �¡1 ��¢��� �¤£¥ ¦r§ ¨

shapedistortion

_ vartv3-�e3-w 6 B¥ ¦r§ ¨
gaindistortion

(5)
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Figure2: Block diagramof shape-gainquantizerencoder.

where� �!%©sutv3-�e3-w�ª �ij�Yi (seeFigure1).
Thegaindistortiontermof (5) becomesnegligible as B increasesandaneffectivequantizerfor � is a

sphericalvectorquantizerwith radius s?tj3-�«3-w for a sourceuniformly distributedon ; � . Usinga random
codingargumentSakrisondescribedsucha quantizerandshowed that it approachesthe distortion-rate
function,but thecomplexity of his quantizergrows linearlywith thecodebooksize.

In the presentpaper, we describea high performanceGaussianquantizerusing shape-gainvector
quantization.The shapequantizeris a wrappedsphericalquantizerthat canbe effectively implemented
andwhich also hasexcellentdistortionperformance.No assumptionis madethat B is asymptotically
large,andhenceit is not assumedthatthegaindistortionin (5) is negligible. For example,when B¬%­	F®
and ���k%­@ , thegaindistortiondominatestheoveralldistortionperformanceat ratesof threeor higher.

A shape-gain vector quantizer decomposesa sourcevector � into a gain b¯%°3-�«3 andshape C�%� 6 b , whicharequantizedto �b and �C , respectively, andtheoutputis ��±%��b �C (seeFigures2 and3 ). As is
commonpracticeweassumethequantizedshapesatisfies3 �C²3³%´@ . An advantageof shape-gainVQ is that
theencodingandstoragecomplexities grow with thesum of thegaincodebooksizeandshapecodebook
size,while theeffectivecodebooksizeis theproduct of thesequantities.Necessaryoptimality conditions
areknown for optimalshape-gainquantizationandthesecanbeusedto designlocally optimalshape-gain
vectorquantizers[4, pg. 446]. However, sucha designprocedureyieldsunstructuredshapecodebooks,
which canbecometoo large in practice(we determinethe optimal codebooksizesanalyticallyfor high
ratesin Section3.3). In our exampleimplementation,thegaincodebookhas15 or fewer codevectorsfor
ratesunder4, andtheshapecodebookcanbeimplicitly computedandthusdoesnot needto bestored.

3 Shape-GainWrapped SphericalVector Quantizer

The proposedshape-gainvectorquantizerfor Gaussiansourcesusesa wrappedsphericalcodefor the
shapequantizercodebook.We imposetheconstraintthat thequantizedgain �b dependsonly on the true
gain b andthe quantizedshapevector �C dependsonly on the true shapevector C . This allows the gain
andshapequantizersto operatein parallelandindependentlyof eachother, andit simplifiestheanalysis
of thedistortion.A smallperformanceimprovementcanberealizedby allowing �b and �C to eachdepend
on both b and C , which is discussedin Section5. Therates�!µ and �&f of theshapeandgaincodebooks,
respectively, aredefinedasthenumberof bits usedto quantizetheshapeandgainperscalarcomponent
of � 
¶� � . Thusthenumberof bits usedto quantizeeach �#B41·@ � -dimensionalshapevectoris B��²µ and
thenumberof bitsusedto quantizeeachscalargainis B]�&f . Thechoiceof rates�!µ and �&f is discussedin
Sections3.2and3.3.
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Figure3: Encodingusingtheshape-gainquantizer.

We optimizethegaincodebookwith theLloyd-Max algorithm[18,33] usingthegainpdf �Hf���g^� from
(1) (notrainingvectorsareneeded).Since� f��ZgF� is strictly log-concavetheLloyd-Maxalgorithmconverges
to a globally optimumgaincodebook[34,35]. Thecentroidconditionimplies that s?t��b¸wN%ds?t¹bVw andthe
MSE is sut b � w�1asut��b � w .

Theshapecodebookis generatedbyawrappedsphericalcodewhoseconstructionis reviewedhere(for
moredetailssee[5]). Let º denoteaspherepackingin � �l��� whichhasminimumdistance

WF»
anddensity¼ »

. Thelatitude of apoint �½%´�Z� � � �¾�r� �8� � �k
:; � is definedas ¿¤À�Á ��� �j� � � , i.e., theanglesubtendedfrom
the“equator”to � . Let 1Â( 6 	 %©Ã O²Ä ªHªHª Ä Ã[Å�%·( 6 	 beasequenceof latitudes,where �Æ%ÆÇj( 6 y WF»�È
and Ã*É�%¢(Ê� ÉÅ 1 �� � . The Ë th annulus is definedasthesetÌ É�%Í<]�Z� � � �¾�r� �8� � �k
:; � > ÃÎÉ[Ï�¿8ÀÐÁ ��� � � Ä Ã*É |J� A
i.e., the pointsbetweenconsecutive latitudes(seeFigure4). Let �Z�J� |¢Ñ�Ò�Ó / �#���¤�J� , andfor each� %�Z� � � �¾�¾� �¤� � �³
 Ì É , let �4Ô4% Ó^Õ � Ò ÀÐÁÖ <�3-��1Ø×43 > ×©%´�#Ù � � �r�¾� �-Ù ����� ��¿8ÀÐÁÂÃÎÉj�k
¯; � A �
i.e., theclosestpoint to � thatlies on theborderbetween

Ì É ��� and
Ì É (seeFigure5). Let primenotation

denotethe mappingfrom � � to � �l��� obtainedby deletionof the last coordinate,so that for example,��Ú�%=�j� � � �¾�¾� �8� �l��� � . For eachË , defineaone-to-onemappingÛÜÉ from
Ì É to asubsetof � �l��� byÛ�É2�j��� Ñ ��Ú3-� Ú 3 ª+��3��j�4ÔÜ� Ú 3Y1�3-��Ô$1¶�e3l� | � (6)

Thewrapped spherical vector quantizer codebookÝ »
with respectto apackingº is definedas
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1. Given B sourcesamples,form thevector ��
�� � .

2. ComputebÞ%ß3-�e3 and C¶%·� 6 b .

3. Usethegaincodebookto quantizeb as �b .

4. Find Ë suchthat Ã*ÉàÏ�¿¤À�Á ��� � � Ä Ã*É |J� , andcomputeÛ�É2�#CÊ� .
5. Find thenearestneighbor �ÛÜÉ2�7Cá� to Û�É2�7Cá� , in º³â]<)�]A .
6. ComputeÛ ���É � �Û�É2�7Cá�¤� to identify thequantizedshape �C .

7. Computetheindex of �b �C andtransmit.

Table1: Algorithmic descriptionof thequantizerÝ »
.Ý » Ñ­ã É Û ���É ��º�â!<)�]A�� � (7)

An exampleof awrappedsphericalvectorquantizerin �Êä is shown in Figure6, wherethecodevectors
arethecentersof thesphericalcaps.Table1 describestheprocedurefor using Ý »

.

3.1 Decompositioninto Shapeand Gain Distortions

Thedistortionof theproposedGaussianquantizerdecomposesinto gainandshapedistortionsin muchthe
sameway asfor Sakrison’s sphericalvectorquantizerin (5). Thegaindistortioncanbeevaluatedusing
numericalintegration. The shapedistortioncanbe closelyapproximatedandverified to be accurateby
simulations.

TheMSE perdimensionof Ý »
canbedecomposedas� % @B sutv3-��1­�b �C²3 � w% @B sutv3-��1­�b]C²3 � w+_ 	B sutå�Z��1­�b]Cá�Sæç�l�b]C¯1­�b �Cá�2w+_ @B sutv3]�b]C�1D�b �C²3 � w (8)Ñ � fN_ �Þè _ � µ

Figure4: ; � is partitionedinto annuli.
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Figure5: (a)Themappingof apoint � under Û�É . (b) Themappingof many pointsunder Û�É . Thelatticein
theplanehassimilar structureon ; ä .
where

� f , �cè
, and

� µ denotethefirst, second,andthird termsof (8), respectively. Thus,� f % @B s±ï ����àð @Â1 �bbàñ � ���� �¤ò% @B s?tÐ�jb�1D�b�� � w (9)

which is theper-dimensiondistortiondueto thegainquantizer. If �b]C is known, then �b , C , and �C areeach
alsoknown, sothat �cè % 	B s?tós?tÐ�j��1­�b]CÊ� æ �l�b]C¯1­�b �CÊ�Hôj�b]Cçwåw% 	B s?tós?tÐ�j��1­�b]CÊ�õæáôj�b]Cçwõ�r�b]C�1D�b �Cá�Sw% 	B s?tós?tÐ�jb�1D�b��HôZ�bFwvCàæç�r�b�C�1D�b �Cá�Sw (10)% � (11)

where(10) follows by theindependenceof b and �b from C , and(11) follows from thecentroidcondition

6



Figure6: A wrappedsphericalvectorquantizer.
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of thegainquantizer. Finally, � µ�% @B sut��b � w�sutv3lC�1 �C²3 � w (12)% @B �#s?t¹b � wö1�sutå�Zb�1D�bÜ� � wv�¤sutv3lC�1 �C&3 � w (13)÷ @B sut b � w�sutv3lC�1 �C²3 � w (14)% � � sutv3lC�1 �C&3 � w (15)

where(12) follows from theindependenceof C and �C from b , (13) follows from thecentroidconditionof�b , and(15) follows from (3). Theapproximationin (14) is accuratefor high signal-to-noiseratios(SNR)
for thegainquantizer, which we will assume.It canbemademoreexactby estimatingtheerrortermvia
high resolutionanalysisusingBennett’s integral, but we will not needto do sohere.Hence,

� µ actsasa
“shapedistortion” (multiplied by theconstants?t¹b+�8w ).

In summary, thedistortionof Ý »
is� ÷ @B s?tÐ�jb�1­�b]� � w+_Ø� � s?tj3lC:1 �C²3 � w (16)

which partitionsthedistortionof Ý »
into shapeandgaincomponents,asin [25]. Thedecompositionof�

allowsusto optimize Ý »
by separatelyoptimizingtheshapeandgaincomponents.

Thegaindistortionis givenby� fø% @B s?tÐ�jb�1­�b]� � wJ% @Bcù MO ��g&1­�bJ��g^�8� � � f���g^� W g (17)

where �bJ��g^� is thegainquantizationof g andwhere � f^�ZgF� is givenin (1). This integral canbenumerically
evaluatedoncethegainquantizerhasbeendesigned.

We estimatethe shapedistortion
� µ , useit in the designalgorithm,andvalidateits accuracy by the

observedshapedistortionin thesimulationsfor Ý »
. In all casesreported,theapproximatecomputations

of distortionagreewith thesimulatedresultswithin 0.1dB.
It follows from [30, Lemma4.2] thatif úk�-û=
 Ì É and 3lÛ�É��Sú!�ç1ØÛ�É2�#û�� 3³%hüu� WF» � , then@ø1aü?� � WF» �kÏ 3lÛÜÉ2�Sú!�ç1ØÛ�É2�7û$� 3��3¾úe1Øû¬3 � ÏD@F� (18)

i.e., themappingusedin Ý »
nearlypreservesdistances.Thus,for asymptoticallyhigh �!µ , thedistortion,sutv3lC�1 �C²3��8w , of Ý »

, for C uniformly distributedon ; � , is equalto the distortion of the underlying
latticequantizerwith codebookº for a uniform sourcein � �l��� . Let ý bea Voronoi region of a �#B41¢@ � -
dimensionallattice º suchthat �Ø
Dý , andlet û���º³� denotethe volumeof ý . The normalizedsecond
momentof ý (or of thelattice º ) is þ ��º³�N% ��l��� LHÿ�3 P 3�� W Pû?��º³� �#| o�����
andthe �7B51Í@H� -dimensionalvectormean-squarederror when º is usedto quantizea uniform source1,

1Moo andNeuhoff [36] showed that the minimum MSE for quantizinga non-uniformunboundedsourceusinga lattice,
decaysto zeroasymptoticallyas

���	��

������� ������

���
insteadof the known

������

������� �
decayrateusingasymptoticallyoptimal

quantizers.
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1. For rateallocation �#�&f ���!µ8� , use(a)-(c)below to computethedistortion.

(a) Estimatetheminimumdistanceof º which will producea rate �!µ shapequantizer.

(b) UsetheLloyd-Maxalgorithmto optimizetherate �&f gainscalarquantizerfor �Hf���g^� .
(c) Estimatethedistortionof Ý »

using(17)and(19).

2. Identify the allocation ���&f �-�!µ¤� which minimizesthe estimateddistortionin step1, usingBrent’s
method[38].

3. Compute�!µ exactlyusingthethetafunctionof º .

Table2: Optimizationalgorithmfor constructionof Ý »
at rate � .

neglectingoverloaddistortion,is themean-squarederrorin any Voronoiregion,givenby@û���ºø�çù ÿ 3 P 3 � W P %=�#BÞ1e@H� þ ��ºø�¤û?�Zºø� o�!��� �
Thus,for finite �!µ theshapedistortionis approximatedby� µ ÷ � � s?tj3lC¯1 �C²3 � w ÷ �7B�1e@ �2� � þ ��ºø�¤û?�Zºø� o����� � (19)

For asymptoticallylarge �²µ and �&f , thefirst approximationin (19)becomestight by (13)becausesutå�Zb�1�b]����wö� � , andthesecondbecomestight because
W¸» � � in (18). Thus,�ÐÀ Ò"�#%$ M � µ¤û?�Zºø� � o����� %·� � ��À Ò"�#&$ M s?tj3lC:1 �C²3 � wjû?��ºø� � o����� %G�#B�1�@ ��� � þ �Zºø� (20)

Thevalues(or closeapproximations)of

þ ��º³� aregivenfor thebestknown latticesfor theuniformsource
in [37,pg. 61]. Theshapedistortionis affectedby scalingº . For example,doublingtheminimumdistance
of º increasesû?��ºø� by a factor of 	 �l��� , while

þ ��º³� is invariant to scaling,and the shapedistortion
thereforeincreasesby a factorof four. Thetotaldistortion

� % � f*_ � µ is estimatedusing(17)and(19).

3.2 Experimental Allocation of Shapeand Gain Rates

Let � be the transmissionrateof the shape-gainwrappedSVQ andlet the shapecoderate �!µ andgain
coderate �&f satisfy �!µà_¢�&f$%d� . Therate �!µ determinedby (7) canbealteredby rescalingº so that
moreor fewer pointsarecontainedin Ý »

. We numericallydeterminetheallocationof rate � between�!µ and �&f thatminimizesthedistortionof thewrappedSVQ,usingthedesignalgorithmgivenin Table2.
In thenext section,we provide ananalyticalsolutionfor large rates.Sincethegaincodebooksizeis an
integer, the valuesof �&f arerestrictedto a finite setandthe optimal valueof �&f canbe found exactly.
(This is in contrastto optimizationsoveraninfinite set,in which aniterativealgorithmmaynot converge
to preciselytheoptimalvaluein boundedtime.)

For a given pair �#�&f �-�²µ8� , the gain codebookis optimizedusing the Lloyd-Max algorithmwith �&f
bits. SinceeachVoronoicell correspondsto onelatticepoint, thenumberof shapequantizercodevectors

9



is closelyapproximatedby the �7B¡1¯@ � -dimensionalcontentof thesphere; � dividedby thevolumeof one
Voronoi' cell (recall, ûu��º³� ÷ ûu�7Û�É2�Zºø�¤� [30]). Thatis, 	 � "(# ÷ C � 6 ûu�Zºø� andit wasshown in [30] that��À Ò" # $ M û���ºø�¤	 � "�# %�C � � (21)

Thus,for agivenshaperate �!µ , wescaleº beforetheshapecodebookis constructedsuchthatthevolume
of theVoronoicell satisfiesû���º³�Ê%©C � 	 �+� " #

.
After optimizationis complete,theactualnumberof codevectorsis computedby evaluatingthetheta

function. This moretime-consumingstepis avoidedduring theoptimizationstep,which only usesesti-
matesof thecodebooksizes.

3.3 Theoretical Allocation of Shapeand Gain Rates

Hereweconsiderthetheoreticaltradeoff betweenallocatingtransmissionrateto thegainquantizerandthe
shapequantizer. In orderto facilitateanalysisweusehighresolutionassumptions.For generalshape-gain
quantizersthis is anunsolvedproblem.However, if: (i) thesourceis Gaussian;(ii) theshapecodebookis
basedon a lattice;and(iii) thegainquantizeris independentof theshapequantizer, thenit is possibleto
obtaina high resolutionanalyticsolution.This mayhelpto provide intuition aboutthemoregeneralcase
too.

Sincethe transmissionrate � , theshapequantizerrate �!µ , andthegainquantizerrate �&f arerelated
by �©%h�!µ*_Ø�&f wecanwrite theshapedistortionandthehigh resolutiongaindistortionas� µ ÷ �7B�1�@ �2� � þ ��º³�8û?�Zºø� o����� ÷*) µ�	 � � " # � ������ � (22)� f + ) fl	 � � "�, � % ) fl	 � � �.- " � "(#%/

(23)

where(22) follows using(19) andwhere(23) holdsfor large �&f from Bennett’s integral [4], with ) µ and) f constantsthatareindependentof �²µ and �¡f . To determinethegrowth rateof �!µ asa function of �
thatminimizes

� % � µç_ � f onecanintuitively reasonthat theasymptoticexpressionsfor
� µ and

� f
mustdecayat the samerate. Equatingthe exponents	^�!µ { ��l��� } %½	^B��#�=1©�!µ¤� gives �²µ�% { �l���� } � ,
which givesanaccuratefirst-orderapproximationof �!µ . Indeed,this follows theintuition that theshape
codebookbasedona �7B 1 @ � -dimensionallatticeandthegaincodebookbasedonascalarquantityshould
have a rateallocationof approximately�Þ�#B41¢@ � 6 B and � 6 B , respectively, for therate � , B -dimensional
vectorquantizer. Theexactoptimalchoiceof �!µ is givenin thefollowing theorem,whereit is shown that� + Ì 	 � � " , with the constant

Ì
identifiedanddependingonly on the vectordimensionB , the source

variance� � , andthethenormalizedsecondmoment

þ �Zºø� of thelattice º .

Theorem 1. Let B¯�G@ , let � 
�� � be an uncorrelated Gaussian vector with zero mean and component
variances ��� Ä � , and let º be a lattice in � �l��� with normalized second moment

þ �Zºø� . Suppose � is
quantized by a B -dimensional shape-gain vector quantizer at rate �h%©�!µÜ_¯�&f (where �!µ and �¡f are the
shape and gain quantizer rates) with independent shape and gain encoders and whose shape codebook is
a wrapped spherical code constructed from º . Then the asymptotic decay of the minimum mean squared
quantization error

�
is given by ��À Ò"($ M � 	 � " % B�7B�1e@ � �S� �� ª ) ��f ) �S� ��µ (24)
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and is achieved by �!µN%h�10µ and �&fÂ%·�10f , where� 0µ % ð B�1�@B ñ �Z�«_ @	FB ���F� � ð ) µ) f ª @B�1�@ ñ £ � (25)� 0f % ð @B ñ ���·1 Bc1e@	FB ���^� � ð ) µ) f ª @Bc1�@ ñ £ � (26)

) µN%©� � ª+�#B�1�@ � þ ��º³� m �%2 ��3 o4 -ê�-, � / q o�!���
, and ) fø%©� � ª ä �%3 o 4�5 � �%6 o7 �8 � 4 -ê�-, � / .

Proof. Let
� µ and

� f bethedistortionsof theshapeandgainquantizersat rates�!µ and �&f , respectively.
From(11)wehave � % ÀÐÁ:9" #!; " ,"�# | "�,=<�" � � µ*_ � fl��� (27)

andtherefore � 	 � " % > " 	 � �&?�@ � ������ � _�b " 	 � � ?�@ (28)

where

A " % � 0µ 1 ð Bc1e@B ñ �
> " % � µ8	 � ":B# � ������ �b " % � fl	 � �.- " � "CB# / �

Also, � 0µ � � and �©1a� 0µ %�� 0f � � as �Í� � , for otherwiseeither
� µ or

� f (andhence
�

) would
beboundedaway from zero(i.e. not achieving theminimumMSE quantization).Definethequantity) f % �ÐÀ Ò":$ M b "% 3l� f¸3 �#, ä@H	FB (29)% @@ 	FB ð ù MO ô � f��ZgF�Hô �#, ä W g ñ ä

% @E �7B 6 	F�r�#	�� � � �-, �ED B ð ù MO g -ê�l��� / , ä T �Vn o ,�-GF p o!/ W g ñ ä
(30)% @E �7B 6 	F�r�#	�� � � �-, �ED B ð 	 - ����H / ,%F �JI^� � � -ê�-| � / ,%F ù MO P -ê�l��H / ,%F T �VU W P ñ ä
(31)% � � ª I � o E ä { �-| �F }K B E �7B 6 	F� (32)

where(29) follows from Bennett’s integral [4]; (30) follows using the densityfunction � f of the gainbÞ%d3-�e3 from (1); (31) followsby substitutingg)�³% D ��� P ; and(32) follows from [39, pg. 342,eq.662].
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Definethequantity) µ % ��À Ò":$ M > " (33)% ��À Ò":$ M @B �#s?t¹b � w�1as?tÐ�jb$1D�b]� � wv�¤sutv3lC�1 �C²3 � wÜª)	 � "CB# � ��!��� � (34)% � � ��À Ò":$ M sutv3lC�1 �C²3 � w�ª)	 � " B# � ������ � (35)% � � �#Bc1�@H� þ ��ºø�Þ��À Ò"($ M û?��ºø� o����� ª 	 � " B# � ������ � (36)% � � �#Bc1�@H� þ ��ºø�¤C o������ (37)% � � �#Bc1�@H� þ ��ºø� { 	)( �-, � 6�E �#B 6 	F� } o�����
(38)

where(34) followsfrom (13); (35) followsfrom (3) and ��À Ò ":$ M sutå�Zb¡1¢�b����¤wJ%h� ; (36) followsfrom (20);
(37) follows from (21); and(38) follows from C � %9	)( �-, � 6�E �#B 6 	F� . Note that the limit in (33) existsby
workingbackwardsfrom (37).

Let A % { �l���� � o } ���^� � mML #L , ª ��l��� q andnotice that the uniqueminimum valueof the function � �Z�J�¬%) µ¤	 � �%N � ��!��� � _ ) fl	)� � N is achievedat �¬% A , since � is strictly convex and �xÚZ� A �N%h� .
Suppose

� µ and
� f arethedistortionscorrespondingto �!µá% { �l���� } � . Then� 	 � " Ï­� � µ*_ � fl�8	 � " % � µ�	 � � ������ � " # _ � fl	 � �.- " � "(#&/1J� ) µ�_ ) f

as �G� � . Thus
� 	)� " is boundedas �=� � . In addition, > " and b " areboundedaway from zerofor

sufficiently large � . Thus, A " is bounded,from (28),andhencefor BPO·	 ,QQQ � 	 � " 1 ) µ8	 � �&?=@ � ������ � 1 ) fl	 � � ?=@ QQQ Ï ôR> " 1 ) µ¾ô ª)	 � �&?=@ � ������ � _Íô b " 1 ) f¸ô ª)	 � � ?�@1J� �
as �h� � . Since ) µ�	 � �&? � ������ � _ ) fl	�� � ?²Ï ) µ8	 � �&? @ � ��!��� � _ ) fl	)� � ?=@ for all � , wehave� 	 � " O � 	 � " 1 m ) µ¤	 � �&?=@ � ��!��� � _ ) f�	 � � ?�@ q _ m ) µ8	 � �&? � ������ � _ ) f�	 � � ? q �
Sofor any S¡�e� , wehave

� 	�� " O ) µ¤	 � �&? � ������ � _ ) fl	�� � ?k1TS for sufficently large � . Thus�ÐÀ Ò ÀÐÁ:9":$ M � 	 � " O ) µ�	 � �&? � ������ � _ ) fl	 � � ? � (39)

On theotherhand,suppose
� µ and

� f arethedistortionscorrespondingto �²µø% { ������ } ��_ A . Then
from (27), � 	 � " Ï 	 � " � � µ*_ � fl� (40)% � µ8	 � "(# � ������ � 	 � �&? � ������ � _ � fl	 � �.- " � " # / 	 �&? � (41)1�� ) µ¤	 � �&? � ������ � _ ) fl	 � � ? (42)
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as �h� � . Thus, �ÐÀ Ò ¿�U 0":$ M � 	 � " Ï ) µ¤	 � �&? � ������ � _ ) fl	 � � ? � (43)

Combining(39)and(43)gives ��À Ò":$ M � 	 � " % ) µ¤	 � �&? � ������ � _ ) fl	 � � ?
which is achieved by �10µ % { ������ } �D_ A . Substitutingthe definition of A into ) µ�	 � �&? � ������ � _ ) fl	 � � ? ,�10µ % { �l���� } �«_ A , and �10f %h�¢1a�10µ , gives(24), (25),and(26), respectively.

Note that for large � , the optimal allocationof transmissionrate betweenthe shapequantizerand
the gain quantizeris from (26) approximately� 0µ ÷ { @Â1 �� } � and � 0f ÷ �� � . This meansthat the
shapecodebookshouldhave about 	 - ����� /V"

codevectorsand the gain codebookshouldhave about 	 "
scalarcodepoints,as intuition would indicate. This correspondsroughly to what was observed in the
experimentalrateallocationoptimization. In simulations,we observed that the optimal gain codebook
ratewaswithin 8%of this figurewhen �WOXI andwithin 1% when �YO·® .
3.4 Index Assignment

In orderto implementthe shape-gainsphericalquantizer, the Z %z	 � "�#
quantizercodevectorsmustbe

uniquelyidentifiedby binarystringsof length B�� which aretransmittedacrossthechannel.Theassign-
mentis accomplishedin a similar mannerasin [14] for the pyramid vectorquantizerfor the Laplacian
source.First, thenumberof codevectorsin eachannulusof theshapecodebookis countedusingthetheta
function. We reporton specificresultsusingtheLeechlattice º � H , for which the Ý » o\[ codesneeda one-
timecomputationof thefirst few hundredcoefficientsof thethetafunctionof theLeechlattice,whichare
storedandusedasneeded.

It is assumedthat thereis an efficient methodfor assigningindicesto theunderlyinglattice. This is
thecasewith many lattices,includingtheLeechlattice º � H (e.g.,see[40]).

The codevectorsof the wrappedsphericalcodeareassignedto integersaccordingto their quantized
gain, annulus,andorderwithin their annulus,asfollows. Let � representthe numberof annuli of the
shapecodebook.Let ]_^ bethenumberof pointsin the ` th annulusof ashell,andlet ] bethetotalnumber
of pointsin theshapecodebook.Assumingall indicesstartat0, the a th pointwithin the ` th annulusof theË th gainshell is assignedto thenumber Ë�]�_ ^ ���b

? < O ] ? _ca � (44)

Both theencoderanddecodermustcomputethis summation.Thiscanbemadeefficientby storingin
memorythepartialsummationsd ^ ���? < O ] ? , for `�%©���¾@^� �¾�¾� �-�z1e@ . Thememoryrequiredfor this is equal
to thetotal numberof annuli in thecodebook,which is generallynot large.For example,in thecodebookÝ » o\[ of rate4, thereare36 total annuli.
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4 Simulations and Comparisons

4.1 ConfidenceInter valsof the Simulations

ThecodebookÝ » o\[ wasoptimizedaccordingto Table2 andits performancewasevaluatedwith 500,000
i.i.d. Gaussianrandomsamplesblockedinto20,00025-dimensionalvectorsandencodedasin Table1. The
latticeencodingusedtheLeechlatticenearestneighboralgorithmin [41]. Thequality of thesimulation
resultsis expressedin termsof a95%confidenceinterval. Thesimulationrunof 20,000vectorswasbroken
down into 20 blocksof 1,000vectors.For eachblock, theaveragedistortionwasdetermined.Applying
thecentrallimit theoremto eachblock distortionandusingthestudentsP -distribution, we calculatedthe
95%confidenceinterval. For eachsimulation,theseintervalswerefoundto belessthan0.03dB.

4.2 PerformanceComparisons

Table3 demonstratesthatshape-gainVQ using Ý » o\[ performswithin @ dB of thedistortion-ratefunction
for ratesin the rangeof 2-7 bits/sample.For this range,shape-gainVQ using Ý » o\[ outperformsmany
of the bestquantizersin the literature,including 256-statetrellis codedquantization(TCQ) [20], two-
dimensionalfour-statetrellis codedvectorquantization(TCVQ) [26], Fischer’ssphericalvectorquantiza-
tion [14], andLloyd-Max scalarquantization.With a largenumberof trellis states,TCQ andTCVQ may
perhapsoutperformshape-gainVQ using Ý » o\[ ; however, thereportsof resultsin theliteraturehave thus
far beenlimited to trelliseswith 256or fewer statesbecausethedesigncomplexity of TCQ andTCVQ is
somewhatprohibitivefor largertrellises.Trellis-basedscalar-vectorquantization(TB-SVQ)[42] performs
slightly betterthanshape-gainVQ using Ý » o\[ at a rateof 	 , but notat a rateof I .

4.3 Computational Complexity

Thearithmeticfunctionsneededto implementthequantizerareaddition,multiplication,division,trigono-
metric functions,squareroot, andcomparison.To make a roughestimateof computationalcomplexity
(which of courseis machinedependent)wecountoneoperationfor any arithmeticfunction.

In Table1, Step1 requiresno computation,andStep2 requires B multiplies, BK1D@ additions,and
onesquareroot to calculatethe gain; and B divisionsto calculatethe shape.Step3 requiresonescalar
quantizationoperation,which canbeperformedby a binarysearchwith at most B��&f comparisons.Step
4 requires���^� � � Ï©B��²µ comparisonsto identify Ë ; oneadditionaltrigonometricfunction,onedifference,
onedivision,andonemultiplicationto compute3lC�Ô²1:C²3Â%©	N¿¤À�ÁÎ�¤��¿¤À�Á ��� � � �J1�Ã*É�� 6 	F� ; onetrigonometric
functionto compute3��7C�Ô�� Ú 3ø%fel�F¿ �#Ã*ÉZ� ; onedifferenceto compute3��7C�Ô�� Ú 3F1u3lC�ÔÎ1 C²3 ; onemultiplication,
onedifference,andonesquareroot to compute3lC Ú 3Â%G� @¡1�� �� ; and1 divisionand B¡1�@ multiplications
to computeÛ�É2�#Cá� . Thus,Step4 requiresnomorethan Bç_ B��!µ)_�@H� operations.Step5 requiresthenumber
of stepsin a nearestneighboralgorithmfor º . For theLeechlattice,thefastestknown algorithmrequires
about2955operationson average[45]. Step6 requiresB41¢@ squarings,B41 	 additions,andonesquare
root to determine3 �Û�É2�#CÊ�H3 ; onedifferenceandonedivision to determine@ 6 ��3��#C�Ô��SÚõ3¡1G3 �Û�É2�7Cá�H3l� ; Bu1�@
multiplicationsto determinethe first B51D@ coordinatesof Û ���É � �Û�É2�#CÊ�¤� ; andonesquare,onedifference,
andonesquareroot to determinethe last coordinate.Thus,Step6 requiresI¸B�_�	 operations.Step7
requiresonemultiplicationandtwo additionsto determinetheindex. Altogether, this amountsto at mostB����?_hgF�H_hi²_5@ ® arithmeticoperations,whereB is thedimension,� is therate,and i is thecomputational
complexity of thenearestneighboralgorithmof º . Thus,persample,thecomputationalcomplexity is at
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Method Rate: 1 2 3 4 5 6 7

Distortion-Ratefunction 6.02 12.04 18.06 24.08 30.10 36.12 42.14

Shape-gainVQ using Ý » o\[ 2.44 11.02 17.36 23.33 29.29 35.27 41.33

TB–SVQ(4 state)[42] 5.39 11.18 16.92

TB–SVQ(32 state)[42] 5.49 11.28 17.05

Wilson (128state)[20,43] 5.47 10.87 16.78

TCQ(256state)[20] 5.56 11.04 16.64

TCVQ (2D, 16 state)[26] 5.29 10.84 16.62 22.63

Entropy codedscalarquantizer[20,22] 4.64 10.55 16.56 22.55 28.57 34.59 40.61

SVQ(estimated)[14] 4.49 10.51 16.53 22.55 28.57 34.59 40.61

GLA (kR=8) (simulation) 10.65 20.98× �JF
lattice[16] 10.07 15.52 21.00 26.16 32.07 37.68

UnrestrictedpolarQuantizer[44] 4.40 9.63

Lloyd-MaxScalar[18,22] 4.40 9.30 14.62 20.22 26.02 31.89 37.81

Uniform scalar[17] 4.40 9.25 14.27 19.38 24.57 29.83 35.13

Table3: Comparisonof variousquantizationschemesfor amemorylessGaussiansource.Valuesarelisted
asSNRin decibels.Blankentriesindicatethatreferencedwork doesnotcontaina result.Shape-gainVQ
using Ý » o\[ is theproposedschemeusingtheLeechlatticeasashapecodebook.
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Method Computations

Shape-gainVQ using Ý » o\[ �e_¢@ 	 D
TCQ(doubledalphabet)[20] I¸C�_a
¸�«_a

TCQ(quadrupledalphabet)[20] I¸C�_ K �«_ K
GeneralizedLloyd algorithm(GLA) [4] 	 � " |J�
Wilson’sstochastictrellis [44] C¯ª)	 " |J�
Pearlman’s stochastictrellis [3] �#CK_ 	F�8	 "

Table4: Comparisonof computationalcomplexities of quantizationschemesfor a memorylessGaussian
source.Datafor othermethodsaretakenfrom [20, TableXII]. B = dimension,� = rate, C = numberof
trellis states.

most � _jgÂ_h�Ji:_·@ ®^� 6 B . For theshape-gainVQ using Ý » o\[ , theparametersare B�%�	F® and ia%�	�k¸®^® ,
andthecomputationalcomplexity is upperboundedby � _·@^@�k .

Thus, the computationalcomplexity of Ý »
grows linearly with rate, and is comparableto that of

trellis-codedquantization(TCQ).Table4.3summarizesthesecomplexities.

5 Generalizationsof the Shape-GainCoder

5.1 Non-GaussianSources

Inherentin the treatmentthus far is that the sourcehasa Gaussiandistribution, for if the sourceis not
Gaussianthenthehighprobabilityregionmaynotbeasphere,but someothershape[46], andthewrapped
SVQ cannotbeeffectively used.This sectionpresentsa methodto obtaintheperformanceabove for any
memorylesssource.Themethodconsistsof transformcodingthesource.Typically, transformcodingis
doneto remove dependenciesbetweenconsecutive samplesof the source;here,it is usedto changethe
distributionof thesource,whichmayor maynotalreadybei.i.d., to beroughlyGaussianandi.i.d., sothat
wrappedSVQ maystill beused.This sameintuition wasusedin [10] to quantizeanarbitrarysourceand
obtaindistortionperformancethatapproximatesthatof a scalarquantizerfor a Gaussiansource.Unlike
theapproachin [10], in this sectionthesourceis transformedin blocks,insteadof usingFIR filters.

Let ����ª � betheoutputof any B -dimensionalvectorquantizer. Let

� Ñ lmmm
n
� � �po |J� � -ê�l��� / o |J�
...

... ªHªHª ...�po � � o � � o
qsrrr
t

where �ÞÉ¡
e� hasan arbitrarydistribution. Let uvo be a Hadamardmatrix of order w , i.e., an wyxzw
matrix with _�@ and 1 @ entriesonly, suchthat u æo u{oe%|w~} . Suchmatricesareknown to exist whenthe
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orderis any powerof 2, andfor many otherordersaswell.2 Let ��o Ñ ��@ 6 y w5�&u{o � Given � , thevector
quantizeroutputis: � æo ������oá��� . If " Ñ ��oá� , �" Ñ �?��"c� , and

T Ñ �"Í1�" , thenit follows that�� % �5æo �"% �5æo �#"¢_ T �% �5æo ����oá��_ T �% � æo ��oá�'_�� æo T% �'_�� æo T �
Theend-to-enddistortionof this systemissutv3 ���1¶�e3 � w�% sutå� ���1���� æ � ���1¶���2w% sutå��� æo T � æ ��� æo T �2w% sut T æ ��o�� æo T w% sut T æ T w% sutå� �"Í1a"��õæç� �"�1a"��Sw% sutv3 �"D1�"K3 � w
Thus, the end-to-enddistortion of the systemis equal to the distortion due to the quantizationof the
intermediarysignal " alone.Most importantly, theHadamardtransformmodifiesthedistribution of the
input to the vectorquantizer. A row "öÉ of " is a B -vector, eachcomponentof which is the sumof w
differentsamples(or their negation)from <H�ÞÉ#A ; hence,as w � � the probability distribution of each
componentof "öÉ approachesthe Gaussiandistribution, by the centrallimit theorem. Thus,the internalB -dimensionalquantizer� maybeoptimizedwith respectto theGaussiandistribution,evenif B is fixed
andsmall.

5.2 Other generalizations

Thereareseveralotherimprovementsfor thisshape-gainquantizer. For example,insteadof usingascalar
quantizerfor thegain,gainscouldbeblockedtogetherandvectorquantized,or, if fixedratequantization
is not required,entropy coded. Or, we may remove the assumptionthat the gain andshapecodebooks
operateindependently. With again-dependentshapecodebook,therecouldbeadifferentshapecodebook
associatedwith eachquantizedgainvalue.With a shape-dependentgaincodebook,we couldchoose�b to
minimize 3-��1­�b �C!3 insteadof 3-b�1­�bÎ3 .
6 Conclusions

The wrappedsphericalvector quantizerfor the memorylessGaussiansourceachieves distortionsthat
arein many caseslower thanotherpublishedresults. The operatingcomplexity of the quantizergrows

2Paley’sTheorem(1933)[47] guaranteesthatHadamardmatricesexist for ordersequalto ��� ���������v�P�=�
, for all positive

integers � and � , andevery oddprime
�

(alsofor
� ��� when ��� �

). Theordersfor which Hadamardmatricesexist include
everymultipleof 4 upto 268,andall powersof 2. It is anopenquestionasto whetherthey exist for ordersequalto all multiples
of 4.
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linearly with the rate, and for moderateratesis dominatedby the complexity of the nearestneighbor
algorithm' of the underlyinglattice. This complexity is comparableor slightly lessthanotherefficient
quantizationtechniquessuchaspyramid vectorquantizationof the Laplaciansource[14], trellis coded
quantization[20], and trellis codedvectorquantization[26]. We note that spherepackingsother than
latticesmaybeusedto createtheshapecodebook.In thiscase,morethanonetypeof Voronoicell results,
andanaverageoverall thedifferentVoronoicellsis necessaryto computetheMSEof thescaledpacking.

Acknowledgement: The authorsthank the two reviewersfor very thoroughreadingsof this corre-
spondenceandtheir helpful comments.
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